The concept of regional diversity-multiplexing tradeoff (DMT) is introduced by extending the asymptotic outage probability expression for multiple-input multiple-output (MIMO) channels. It is shown that for both Rayleigh and Rician MIMO channels, the regional diversity gain is a linear function of the regional multiplexing gain and that the original DMT curve can be obtained from the set of regional DMT lines. As a result, vital information for capturing both finite and infinite signal-to-noise ratio characteristics in terms of DMT is provided. key words: multiple-input multiple-output (MIMO), outage, regional diversity-multiplexing tradeoff (DMT), Rician
Introduction
Multiple-input multiple-output (MIMO) antenna systems have recently stimulated a large amount of research activity, as they can offer a dramatic increase in the transmission rates [1] and reliability of wireless links [2] over singleantenna systems. However, their design requires some caution because there is a tradeoff between diversity and multiplexing gain. Zheng and Tse [3] have discovered a fundamental tradeoff between the two gains, in which outage analysis plays an important role, under the following assumptions: the channel is independent and identically distributed (i.i.d.) Rayleigh and quasi-static, the signal-to-noise ratio (SNR) approaches infinity, and perfect channel state information (CSI) is available at the receiver but not at the transmitter. This work has led to a number of research efforts to extend the optimal diversity-multiplexing tradeoff (DMT) for other practical channel models [4] - [7] . Asymptotic outage performance [8] and the DMT for finite SNR [5] , [9] have also been characterized.
In this paper, we would first like to illuminate the work in [8] , where the other aspects not shown in DMT [3] were examined and thus foster an understanding of the relationship among the outage probability, target rate, and SNR. We take into account a more realistic MIMO channel model, including the Rician factor which represents the degrees of channel uncertainty. It is then analyzed that the asymptotic outage expression for Rayleigh channels [8] for Rician channels. Based on this result, the concept of regional DMT is introduced and the relation between the regional DMT and the original DMT is carefully characterized. While the regional DMT is derived for high SNR regime, as in [3] , it is shown that its lines are different from the conventional DMT curve since it partially informs finite SNR characteristics according to various operating regions. The rest of this paper is organized as follows. Section 2 describes the system and channel models. In Sect. 3, the original DMT is briefly reviewed and then some asymptotic outage behaviors are shown. Section 4 characterizes the regional DMT. Finally, Sect. 5 summarizes the paper with some concluding remarks.
System and Channel Models
Consider a MIMO system with n T transmit antennas and n R receive antennas over a flat fading channel. The received signal vector y ∈ C n R of the MIMO system is given by
where ρ is the average SNR at each receive antenna, H ∈ C n R ×n T is the channel matrix whose element h i j represents the complex channel gain between the jth transmit antenna and the ith receive antenna, x ∈ C n T is the transmitted signal vector, and n ∈ C n R is an additive white Gaussian noise vector. For notational convenience, we define m = min{n T , n R } and n = max{n T , n R }. When the channel is Rician, H can be expressed as
where K denotes the Rician factor (K ≥ 0),H is a deterministic matrix representing line-of-sight components and is normalized as tr(HH † ) = n R n T , and H w consists of zero-mean complex Gaussian random variables with unitvariance. Hence, the channel is normalized such that E[tr(HH † )] = n R n T . It is assumed that the channel H w is known at the receiver, but not known at the transmitter. Both the transmitter and the receiver knowH.
DMT and Outage Behavior
In this section, the DMT for Rayleigh channels is briefly reviewed. Then, asymptotic outage probabilities of Rayleigh Copyright c 2011 The Institute of Electronics, Information and Communication Engineers and Rician channels are analyzed.
DMT
Let r and d denote the multiplexing and diversity gain, respectively. Then,
and
where R(ρ) is the target rate for a given SNR ρ, and P out (ρ) is the outage probability † . Then, it follows that
where {λ l } are the eigenvalues of HH † and 0 ≤ λ 1 ≤ λ 2 ≤ · · · ≤ λ m . For simplicity, the notation is used for representing the relation in (3b): specifically,
is identical to (3b), and is referred to as the exponential equality † † . The optimal DMT for MIMO Rayleigh channels is described as follows: Theorem 1. [3] When the channel in (1) has Rayleigh distribution, i.e., K = 0, the optimal DMT curve is given by the piecewise linear function connecting the points
The optimal DMT curve represents the maximum diversity gain for a given multiplexing gain r and is denoted by d * (r).
Asymptotic Outage Probability
In [8] , it has been shown that for a high SNR regime, the outage probability log P out (R, ρ) tends to become a piecewise linear function whose slope varies depending on (R, ρ). Specifically, the k-th operating region of (R, ρ) is defined as
for an integer k satisfying 0 ≤ k ≤ m − 1, and an asymptotic expression for log P out (R, ρ) is derived as follows.
Theorem 2. [8] For the MIMO channel in (1) having
Rayleigh distribution, i.e., K = 0, if the target rate R and the SNR ρ belong to the k-th operating region, i.e., (R, ρ) ∈ R(k), then
where c(k) = m + n − (2k + 1) and g(k) = mn − k(k + 1) for Fig. 1 The asymptotic outage probability for 2 × 2 MIMO channels.
In (6), the asymptotic slope of log P out (R, ρ) for the kth operating region R(k) is given by −g(k). The asymptotic outage probability for 2 × 2 MIMO channels is illustrated in Fig. 1 . Now we show that Theorem 2 also holds for Rician channels. We start from the following lemma.
Lemma 1.
For high SNR, the outage probability in (4) can be expressed as
where The proof of this lemma is presented in [5] . (2) , the asymptotic relationship in (6) holds for all K.
Theorem 3. For the Rician MIMO channels in
, from Lemma 1, the outage probability in (7) can be rewritten as
2 † To simplify notations, R(ρ) will be written as R if dropping ρ does not cause any confusion.
† † The diversity gain was originally defined as a function of the average error probability [3] . In this work, we use the outage probability since the two probabilities have the same SNR exponent.
Due to the facts that lim
where the last equality is proved in [8] .
Note that the above result is expected since the same DMT characteristics between Rayleigh and Rician channels have already been shown in [5] , [7] . Referring to Fig. 1 which shows the asymptotic log P out (R, ρ) curve in (6) for 2 × 2 MIMO channels, the following observations can be made:
which is the slope of log P out (R, ρ) for (R, ρ) ∈ R(0). It follows that d
The maximum multiplexing gain r * , which is two (r * = 2), can be obtained by examining (R, ρ) ∈ R(m − 1). Suppose that log P out (R 1 , ρ 1 ) = log P out (R 2 , ρ 2 ) and both (R 1 , ρ 1 ) and (R 2 , ρ 2 ) belong to R(m − 1). Then r * is given by
For 2 × 2 MIMO channels, m = 2, g(1) = 2, and c(1) = 1. Thus, r * = 2. 3. For 1 ≤ k ≤ m − 2, the multiplexing and diversity gain given by the corner points (k, (n T − k)(n R − k)) on the (r, d * ) plane in Theorem 1 can be obtained by examining the boundary between the operating regions R(k − 1) and R(k). For example, consider two points A and B lying on the boundary between R(0) and R(1) in Fig. 1 . Then, from Theorem 2, it can be seen that the coordinates of A and B are given by A = 
R 2 . The negative slope of the boundary is identical to the diversity gain. In fact, the negative slope is −(c(1)g(0) − g(1)c(0))/(c(0) − c(1)) and is equal to one (d * (1) = 1). The multiplexing gain r can be obtained using the horizontal coordinates of A and B in (8): r = (R 2 − R 1 )/(log ρ 2 − log ρ 1 ) = (g(0)−g(1))/(c(0)−c(1)) = 1. Therefore, (1, 1) point of the DMT curve can be obtained. In general, the corner points (k, (n T − k)(n R − k)) of the DMT curve can be expressed as follows:
. 4. The multiplexing and diversity gain corresponding to a point on the DMT line segment connecting the corner points (k − 1, (n T − k + 1)(n R − k + 1)) and (k, (n T − k)(n R − k)) can be obtained from the operating region R(k − 1). Specifically, for k − 1 < r < k, any (r, d * (r)) point on the DMT curve can be expressed in terms of (R 1 , ρ 1 ) and (R 2 , ρ 2 ) in R(k − 1) satisfying Figure 1 shows how any (r, d * (r)) point on the DMT curve, characterized in Theorem 1, is related to the operating region R(k) on the outage curve log P out (R, ρ). Referring to Fig. 1 which shows the the asymptotic log P out (R, ρ) curve in (6) for 2 × 2 MIMO channels, d
* (r) can be represented in terms of (R, ρ) from
, the boundary between R(0) and R(1) if r = 1, and R (1) if 1 < r ≤ 2.
In general, as the multiplexing gain r increases from zero (r = 0) to m (r = m), the operating region corresponding to each DMT line segment switches from R(0) to R(m − 1). These observations indicate that all (r, d * (r)) points on the DMT curve can be evaluated from the asymptotic outage curves. Furthermore, it can be seen that additional information that cannot be attained from the DMT curves can be extracted from the asymptotic outage curves. For example, the slope of log P out (R, ρ) for (R, ρ) ∈ R(k),
, which is not shown by the DMT curve, approximates the diversity gain for the operating region R(k).
Regional DMT
From the observations in Sect. 3.2, a natural question arises: if (R, ρ) increase in such a way that they stay in a certain operating region, then can we characterize their DMT? This question motivates us to define the regional multiplexing and diversity gain. (5), the regional multiplexing and diversity gain is defined by
Definition 1. For each operating region R(k) in
log ρ . These definitions are identical to the the original definitions in (3) with the exception that (R, ρ) ∈ R(k) for all (R, ρ). Next, the interesting relation between the regional multiplexing and diversity gain is derived.
Theorem 4.
The optimal DMT curve for regional multiplexing and diversity gain is given by
for 0 ≤ k ≤ m − 1, where c(k) and g(k) are defined in (6) .
Proof. From Theorems 2 and 3, it follows that
which results in (10), since lower and upper bounds on the first term in (11) coincide and are given by g(k).
This theorem shows that the regional diversity gain d * R(k) is a linear function of r R(k) . Since both g(k) and c(k) are positive, the regional DMT line connects (0, g(k)) and (g(k)/c(k), 0) on the (r R(k) , d * R(k) ) plane, as shown in Fig. 2 . Note that max k g(k) = g(0) = mn and max k g(k)/c(k) = g(m − 1)/c(m − 1) = m. The regional DMT provides the pair of optimal multiplexing and diversity gain when the SNR ρ and the target rate R increase, while satisfying (R, ρ) ∈ R(k). The conventional DMT curve, which is piecewise linear, can be obtained from the set of regional DMT lines. If the m regional DMT lines are simultaneously drawn on a (r, d) plane, as shown in Fig. 3 , then the (k−1)-th and k-th regional DMT lines intersects at (k, (n T − k)(n R − k)), which are the coordinates defining the DMT curve in Theorem 1. As a consequence, the DMT curve consists of regional DMT line segments forming the outer boundary on the (r, d) plane. For example, referring to Fig. 3(b) , if the channel is 3×3 MIMO, 
Conclusion
The regional DMT was characterized for Rician channels, which are considered to be another important class of fading channels. The optimal DMT curve in [3] was represented in terms of regional DMT lines which are derived based on the asymptotic outage expression in [8] .
